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Bernoulli shifts .

KWEI
,
V.✗ lil :=xW+H .

Example .

let IT 117
,
#be the Bernoulli shift action al

V a prob . meas
.
on k :=/ 0, 1

,
. . -

,
b-1) . let P be the

base partition of tea , i.e. D= 1 Po
,
P
. ,
.
.

,
Pat }

,
ahem

Pi := ( ✗ c- k" : ✗ (Oz) -- i} . This is a generating partition ,
so by the Kolmogorov - Sinai theorem
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lorlk.kojorov.tk Bernoulli action, ¥27
,
11 , :|

" / I i% ? 1%1,47
are not isomorphic . Hudud , hltl-loyzdhvt-logD.li

Remark . For a Sofie
group
i
,
Bowen showed tht (21^114,14)

I
"
II

,
15
, t.BY ) are not isomorphic by defining

a notion of entropy for Sofie groups . Note

tht free groups
are so tic

,
so we have a notion

of entropy for nonamenable groups, wow
!

But for arbitrary cthl groups, we
don't have it;



in pntivlar, it's still open whether 2dB are

isomorphicfor an arbitrary 1?

It is drew tht entropy is an isomorphism invariant
,
i. e.

isomorphic actions have equal entropy . Ornstein show the

converse to this for Bernoulli shift ( of 2) .

Theorem (Ornstein 19801
.

Let IN 1¥
, F) I 2^45554

by shift
,
here (X

, M al ly
,
v) are st

. prob . spaces
( e.g. X :=k I 9 := Ya , tu , ...tn/aIY:--IO,D,u:--t).d-=Bc--Shld)--hlP)

.

Call 1- c- Antler) Bernoulli if 2^74,1) is isomorphic to
a Bernoulli shift

,
i.e. shift action 2 ( Y} v2) .

let BerAutun) be the set at Bernoulli automorphism c- A.toy
.

banalOrnstein
.

BerAntti) is a Borel subset at Acton)
.

In particular, it is a standard Borel
.

(Any bond subset of a Polish is it
.
Bard

,

by DST.)



Thus
,
Ornstein 's theorem says kt the isomorphism relation

on Ber Antle) is smooth f- concretely classifiable).
This is a great eagle of a smooth g. rel . I know

only two other ones . . .

Detour : other smooth g. ref .

(a) Finitely generated abelian groups . Indeed
,
the space

of such
groups is st Borel ( it's a Borel subset of

211N
' ) ) I by the classification thermae

,
each sah

group
P I 2

"

-10 /finite abelian group) and the map its In
,

finite abelian gp ) c- IN
'

a Bond map , witnessing the

smoothnessof the isomorphism relation
.

(b) ciuikritg of uxn complex matrices Male) . Recall A - B :<⇒

7. QE Gluten QAQ" -- B <=3 Ad Bae wuguiycte
<⇒ A Eakle, D for the wyiyclioc action Clinic) .

Recall from linear algebra Ht A~B <⇒ J (A) = 51131
,

where JLAI i, the Jordan canonical term
.

The map
A- MJ (A) is Borel

,
go it's a Beret selector for ~



0h Mule)
,

i. e
. it selects one winner matrix from

•uh conjugacy clan
,
in particular wituniy the

smoothness of ~
.

In particular, ~ is Borel (unlike

hat its definition suggests) .

Back he ergodic theory . We saw tht in general the isomorph.sn

of pmp
aliens at E is difficult to understood

(only successful on small subsets of Antley
, e.g . Berat (9)) .

For more uylicakd groups
P
,
it's even more copkx.

But ergodic theory is being developed to other
groups . .

,

including entropy theory .

Measured
group theory

aenigp
As we saw

, ergodic theory focuses on studying , for a fixed ohhh
P
,
its pup or more generally quasi - puplwousiegakr actions

,

here the action is what's of interest. Measured gp theory
focuses on studying chl groups .bg looking at its
Pnp (or lucsi- pimp ) actions

,
here the group is what's at



interest ,

More specifically , we linens . gp. they) study the
"

average
"

behavior of groups in the following sense : one would like to

equip a given ctbl gp 1' with a translation invariant pub .

measure ,
but this is only possible when I

'

is finite .
When P is infinite

,
hit we do instead is look at

a free pnp action at r on a it
. prob space 144 ,

so each orbit is a
"

copy
" of P by freemen at my

tho points in the she orbit lice . in the same copy at T)
have equal

"

weight
"

by pnp - nm .

Def
. let 1^4×11 be an alien at a chl gp

P on a st .

pooh . space. Call this action free if to c- ironidentity,
8×4 ✗ V- ✗ EX

.
This ensures tht Nts 8.x is abijectionwith the orbit [Hr

,
Call this action measure

preserving ( pnp) if enh JET acts as a pupautomorphismof (X
,
M
,
i. e. HAI -- MA) KAEX .

In fact
,
we will be concerned with the orbit eg.net. at



a free pup
action of P

, as opposed to the particular action
itself

.
In other words

,
the relevant equivalence relation

in not the isomorphism at two actions
,
but their

orbit equivalence .

Def . let E
,
F be CBERS ou st

. meas . spaces 14M d 14,01.
Call Ed F measure isomorphic if there is meas .

Ison it :(✗if → 14,0) (i. e. ñ*f=r d IT is almost

injective) sat
.
It E- class) = F- clan

,
more precisely ,

V- xyxz C-X , X,
E xz 2--7 ITCH Fltlxz .

Def . let P
,
A be dbl groups .

Their pup actions PÑlX,t)
I AÑIY ,o) are call orbit equivalent if their orbit
eg. nets Ea al Es we measure - isomorphic .
This is much coarser than isomorphism I it also makes
sense then IT -1-1 . We denote this by LOEB .


